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SEPARATED PRESENTATIONS OF MODULES OVER PULLBACK RINGS
KRZYSZTOF K. PUTYRA
Abstract. We define pullback and separated presentations of modules over pullback rings, and, if
the ring is a pullback of epimorphisms over a semisimple ring, an algorithm reducing such a presen-
tation of a module to an R-diagram. The latter is the input for a classification algorithm of finitely
generated modules over a pullback ring of two Dedekind domains. As an example we show how to
obtain an R-diagram for homology of a chain complex of free modules over a p-pullback ring.
1. Introduction
In the seminal paper [Lev81b] Levy described an algorithmic classification of finitely generated
modules over certain pullback rings, defined as pullbacks of diagrams of ring epimorphisms
(1) R1
v1−→ R
v2←− R2,
If each Ri is a Dedekind domain and R is a field, every finitely generated module M can be
represented by a collection of four homomorphisms
(2)
p1
// oo
p2
K
S1
q1
yyrrr
rr
rr
rr
S S2
q2
%%▲▲
▲▲
▲▲
▲▲
▲
called an R-diagram for M , where K and S are finitely generated vector spaces over R, each Si is
a finitely generated Ri-module, pi are Ri-linear epimorphisms, and qi are Ri-linear monomorphisms,
satisfying certain properties (see Proposition 5.3). These diagrams can be faithfully translated into
collections of four matrices over R, and the problem of determining whether two such collections
represent isomorphic modules can be solved algorithmically.
Unfortunately, in the real life we usually do not have an R-diagram of a module. In particular,
a chain complex of free modules provides only a description of a homology as a quotient of separated
modules, which is far from the input of the Levy’s classifying algorithm. Our main motivation is to
compute generalized Khovanov homology [Put08, Put13], which is defined over the group ring Z[S2].
Therefore, we decided to broaden the class of admissible presentations, allowing to encode an R-
module as a quotient of any two separated modules. A submodule of a separated module is always
separated, (see Corollary 3.4) which automatically gives us a separated presentation of homology
modules, assuming chain modules are separated (a free module is always separated). The main
result of this paper is the reduction procedure: it takes as input any separated presentation of
a module M , and returns its R-diagram. It works for every pullback ring R as long as R is
semisimple. On a side, we prove a few facts about separated modules and homomorphisms between
them.
The paper is organized as follows. We start with a brief section on pullback rings, introducing
some notation, and showing how to recover a pullback diagram from a subdirect sum descrip-
tion. Section 3 introduces pullback and separated modules, and describes their basic properties:
a submodule of a separated module is separated, a pullback description of a separated module is
unique, and that every homomorphism of separated modules has a unique pullback description.
Morphisms between pullback modules are analyzed in Section 4. In particular, we characterize
monomorphisms in terms of their pullback descriptions, and we give a few conditions for a map to
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be an epimorphism. These are used in Section 5, in which we introduce various presentations of
a generic R-module, and show how to reduce them to R-diagrams. The last section is devoted to
computation of an R-diagram for homology modules of a chain complex of modules over a p-pullback
ring, i.e. the subring of Z⊕ Z formed by pairs (m,n) with m ≡ n (mod p).
2. Pullback rings as subdirect summands
Let R be a pullback diagram defined by a diagram of ring epimorphisms
(3) R1
v1−→ R
v2←− R2.
It is easy to check that R is a subring of R1⊕R2 consisting of elements (r1, r2) ∈ R1⊕R2 satisfying
v1(r1) = v2(r2). In particular, every module over R1⊕R2 is also an R-module. Following [Lev81b]
we use the notation (r1 → r¯ ← r2) for elements of R, where r¯ = vi(ri). The ring R is a subdirect
sum of R1 ⊕ R2 [Lev81a], i.e. each Ri is an image of R under the projection R1 ⊕ R2 // Ri.
Conversely, every subdirect sum of R1 ⊕ R2 is a pullback ring, see [Lev81a]. Here we show only
how to recover the pullback diagram of R, regarded as a subdirect sum of R1 ⊕R2.
Lemma 2.1. Consider a pullback ring R as a subring of R1 ⊕ R2 and put Pi = R ∩ Ri. Then
R = R/(P1 ⊕ P2).
Proof. Because P1 ∩P2 = 0, P1 ⊕P2 is an ideal of R. Clearly, P1 = (ker v1, 0) and similarly for P2.
Hence, the kernel of the map
(4) R // R (r1, r2) 7→ v1(r1) ( = v2(r2))
is precisely P1 ⊕ P2. Since the map above is surjective, the thesis follows. 
3. Pullback and separated modules
ChooseRi-modules Si (i = 1, 2) and an R-module S. Because vi equips the latter with a structure
of an Ri-module, it makes sense to consider diagrams
(5) S1
p1
−→ S
p2
←− S2
where each pi is Ri-linear. Let S be a pullback of (5) regarded as a diagram of abelian groups. It
is an R-module with
(6) (r1 → r¯ ← r2)(s1 → s¯← s2) := (r1s1 → r¯s¯← r2s2).
Definition 3.1. A module S given as above is called a pullback module and the diagram (5) is
a pullback diagram for S. We say the diagram is preseparated if each pi is surjective, and separated
if also ker pi = PiSi. Accordingly, the module S is called a preseparated or a separated module.
Pullback modules are precisely the R-submodules of S1 ⊕ S2, and S is a subdirect sum of S1 ⊕ S2
if and only if the maps in S1 −→ S ←− S2 are surjective, i.e. when it is a preseparated diagram
for S. In fact, every R-submodule of S1 ⊕ S2 is a separated module. In particular, this applies to
pullback modules, showing that all three classes from Definition 3.1 are equal.
Lemma 3.2. For i = 1, 2 choose Ri-modules Ti and let S be an R-submodule of T1 ⊕ T2. Then S
has a separated diagram S1
p1
−→ S
p2
←− S2.
Proof. The quotient S1 = S/P2S is an R1-module with r1[s] := [(r1, r2)s] for any (r1, r2) ∈ R;
the action is well defined, since (0, r) ∈ P2 acts trivially on S1. In a similar way we construct an R2-
module S2. We can see S as a submodule of S1 ⊕ S2, since P1S ∩ P2S = 0 reveals the canonical
homomorphism S // S1 ⊕ S2 is injective.
The quotient group S = S/(P1S+P2S) is an R-module: an element (r1 → 0← r2) acts trivially
on S. Because PiS ⊂ ker(S // S), there is an induced surjective homomorphism pi : Si // S.
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The module S, when regarded as a submodule of S1⊕S2, consists of pairs (s1, s2) of elements with
the same image in S. Indeed, p1([s1]) = p2([s2]) in S implies
(7) s1 − s2 ∈ P1S + P2S ⇒ s1 = s2 + a1s
′ + a2s
′′
for some elements ai ∈ Pi and s
′, s′′ ∈ S, so that the pair (s1 + P2S, s2 + P1S) is an image of
s1 − a2s
′′ = s2 − a1s
′ ∈ S. Hence, S is the pullback of S1
p1
−→ S
p2
←− S2. Finally, ker pi = PiSi,
since pi([s]) = 0 holds if and only if s ∈ P1S + P2S. 
Corollary 3.3. The pullback of (5) is a separated module for any Ri-linear maps pi.
Corollary 3.4. A submodule of a separated module is again separated. In particular, for a linear
map f : M //N we have the following:
• if M is separated, then ker f is separated, and
• if N is separated, then im f is separated.
As we shall see later, separated modules are not closed under quotients. In fact, every R-module
is a quotient a separated module, see Section 5.
We shall now proceed to showing that a separated diagram (5) for a pullback module S is unique.
For that we need a notion of a separated homomorphism.
Definition 3.5. A homomorphism f : S // T between separated R-modules is separated if it is
induced by Ri-linear maps fi : Si // Ti for some subdirect sum presentations S ⊂ S1 ⊕ S2 and
T ⊂ T1 ⊕ T2.
It is not difficult to see that both homomorphisms fi induce the same f¯ : S¯ // T¯ , where S =(
S1 −→ S ←− S2
)
and T =
(
T1 −→ T ←− T2
)
. Hence, a homomorphism is separated, if and only
if it is a pullback of a commuting diagram of linear maps
(8)
T1 Tq1
//
f1

S1 S
p1 //
f¯

T2oo q2
S2oo
p2
f2

Proposition 3.6. Every map between separated modules is separated.
Proof. Choose a homomorphism of separated modules f : S // T , and separated diagrams for S
and T . Then
f(0→ 0← r2s2) = (0→ 0← r2)f(s1 → s¯← s2)
= (0→ 0← r2)(t1 → t¯← t2) = (0→ 0← r2t2),
(9)
where s1 is chosen so that p1(s1) = p2(s2) =: s¯. Hence, we can define f1 as follows. For s1 ∈ S1
choose s2 ∈ S2 such that (s1 → s¯ ← s2) ∈ S and compute f(s1 → s¯ ← s2) = (t1 → t¯ ← t2). Due
to (9) the element t1 is independent of the choice of s2, and we can set f1(s1) := t1. Define f2 in
a similar way. 
Remark 3.7. According to the proof of Proposition 3.6, both f1 and f2 are uniquely determined
by f if one chooses separated presentations of S and T . Hence, the assignment f 7→ (f1, f¯ , f2) is
functorial.
Theorem 3.8. Every pullback module S has a unique separated diagram S1
p1
−→ S
p2
←− S2.
Proof. The existence is guaranteed by Lemma 3.2. Given another presentation T1
q1
−→ T
q2
←− T2
we can separate the identity homomorphism id: S // S by Proposition 3.6 into Ri-linear maps
fi : Si // Ti and gi : Ti // Si. One can easily verify that figi = idTi and gifi = idSi , either from
functoriality or the construction of these maps, which shows Si’s are unique up to an isomorphism.
Hence, so is S¯ = Si/PiSi and the theorem follows. 
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4. Morphisms of pullback modules
In this section we will characterize basic properties of homomorphisms of pullback modules in
terms of maps between their pullback diagrams. Hereafter in this section a moduleM comes always
with a fixed pullback diagram
(10) M1
p1
−→M
p2
←−M2,
whereMi is an Ri-module andM is an R-module, and a morphism f : M //N is given by a triple
(f1, f¯ , f2) fitting into a commuting diagram
(11)
N1 Nq1
//
f1

M1 M
p1 //
f¯

N2oo q2
M2oo
p2
f2

Proposition 4.1. A homomorphism f : M // N of pullback modules is injective if and only if
the map µ : ker f1 ⊕ ker f2 //M , (m1,m2) 7→ p1(m1)− p2(m2), is a monomorphism.
Proof. Assume µ is injective. If f(m1 → m← m2) = 0, then mi ∈ ker fi and µ(m1,m2) = m−m =
0. This shows mi = 0.
Conversely, choose mi ∈ ker fi such that µ(m1,m2) = 0. This forces p1(m1) = p2(m2), so that
(m1,m2) ∈ S. However, f(m1 → m← m2) = 0 implies mi = 0, which proves injectivity of µ. 
Corollary 4.2. A homomorphism of pullback modules f : M // N is a monomorphism if and
only if
(1) ker fi ∩ ker pi = 0, and
(2) p1(ker f1) ∩ p2(ker f2) = 0.
If M1
p1
−→M
p2
←−M2 is a separated diagram, the first condition translates into ker fi ∩ PiMi = 0.
Both the kernel and the pullback are categorical limits, so that the kernel of a separated ho-
momorphism f is given by the pullback of kernels of its components i.e. the left column below is
a pullback diagram of ker f :
(12)
// f2 //
f¯ ////
// f1 // N1
q1

M1
p1

ker f1
c1

ker f¯
ker f2
OO
c2
M
M2
OO
p2
N
N2
OO
q2
The homomorphisms ci exist and are unique due to the universal property of the kernel. However,
they are usually not surjective, so the left column is seldom a separated diagram for ker f .
Assume now N is given by a preseparated diagram, i.e. a pullback of epimorphisms. If
f : M // N is surjective, so must be each fi : Mi // Ni (because N is a subdirect sum in
N1⊕N2). The converse does not hold in general. The proposition below is not the weakest possible
statement, but it shows what difficulties may occur. One condition that obviously can be weakened
is the surjectivity of fi or f¯ : all we use in the proof below is that their images contain certain
submodules of Ni or N¯ .
Proposition 4.3. A homomorphism f : M //N is an epimorphism if any of the conditions below
holds:
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(1) both f1, f2 and one of ci : ker fi // ker f¯ are epimorphisms, or
(2) f1 is an epimorphism and the canonical map from M2 to the pullback of M −→ N ←− N2
is surjective, or
(3) f2 is an epimorphism and the canonical map from M1 to the pullback of M −→ N ←− N1
is surjective, or
(4) f¯ is an epimorphism and the canonical map from Mi to the pullback of M −→ N ←− Ni
is surjective, where i = 1, 2.
Proof. Pick an element (n1 → n¯← n2) ∈ N . Surjectivity under condition (1) is proved by an easy
diagram chase: first for i = 1, 2 find mi ∈Mi such that fi(mi) = ni and then use surjectivity of c1
or c2 to modify one of these elements, so that they project on the same m. More precisely, if ci is
surjective, add to mi an element from c
−1
i (p1(m1)− p2(m2)).
For (2), due to surjectivity of f1 we have n1 = f1(m1) for some m1 ∈ M1. Then (p1(m1), n2) is
an element of the pullback of M −→ N ←− N2, and as such it comes from some m2 ∈ M2. Then
(m1 → m← m2) in an element of M sent by f to (n1 → n¯← n2). In a similar way we prove (3).
For last condition, pick m¯ that covers n¯. Then we have elements mi ∈ Mi, i = 1, 2, such that
pi(mi) = m, and fi(mi) = ni. 
Corollary 4.4. Suppose there is a diagram with exact rows,
(13)
//0 // // 0//
0//////0 //
//0 // // 0//N1

M1

K1

K
K2
OO M
M2
OO N
N2
OO
where the vertical maps in the first column are epimorphisms. Then the induced sequence of R-
modules 0 −→ K −→M −→ N −→ 0 is exact.
Proof. The pullback functor is a limit, and as such it is left exact. The additional condition on
the first column guarantees that M −→ N is surjective. 
5. Separated presentations and R-diagrams
Definition 5.1. A homomorphism f : K //M of pullback modules is called a pullback presen-
tation of a module M , if it is a pullback of a commuting diagram
(14)
S1 S
p1 //
f1

K1 K
q1 //
f¯

S2oo
p2
K2oo
q2
f2

and M = coker f . We say f is a separated presentation1 of M , if both K and S are separated.
In the view of Proposition 3.6 every homomorphisms f : K //S of separated modules is induced
by a unique diagram of the form (14). In particular, one has ker qi = PiKi and ker pi = PiSi.
Furthermore, due to Corollary 3.4 we can assume f : K // S is injective.
Proposition 5.2. Every R-module M has a separated presentation.
1 This is different from a separated representation defined in [Lev81b] as an epimorphisms S //M , minimal in
some sense, where S is separated.
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Proof. The ring R, regarded as an R-module, is separated, so is every free R-module. 
More can be shown if R is semisimple.
Proposition 5.3. Assume that R is semisimple. Then every R-module M has a separated presen-
tation f : K // S such that
(1) K is the pullback of K
id
−→ K
id
←− K, and
(2) both f1 and f2 are monomorphisms, and f¯ = 0.
A presentation of this type is called an R-diagram [Lev81b] and is written as a diagram of four
morphisms
(15)
p1
// // oooo
p2
K
S1
q1
yyrrr
rr
rr
rr
S S2
q2
%%▲▲
▲▲
▲▲
▲▲
▲
Existence of such a presentation was first proven in [Lev81b] under the assumption that both Ri
are Dedekind domains and that R is a field. Our goal for this section is to describe an algorithm
computing an R-diagram from a given separated presentation of M , proving Proposition 5.3. We
begin with the following technical lemma.
Lemma 5.4. Suppose there is a commutative diagram with exact rows
(16)
f2 // g2 // 0//
0//
g¯ //f¯ //0 //
f1 // g1 // 0//N1

M1

L1
c1

L
L2
OO
c2
M
M2
OO N
N2
OO
where the maps ci are epimorphisms. Then the induced sequence L
f
−→ M
g
−→ N −→ 0 is exact.
Moreover, if M1 −→M ←−M2 is separated, so is N1 −→ N ←− N2.
Proof. The surjectivity of ci implies g is an epimorphism. Obviously, g ◦ f = 0 and to show that
ker g = im f , pick any element (m1 → m← m2) from ker g. By the exactness of rowsmi = fi(ki) for
some ki ∈ Li, and m = f¯(k¯) for some k¯ ∈ L. Since f¯ is a monomorphism and f¯(ci(ki)) = m = f¯(k¯),
the triple (k1 → k¯ ← k2) is an element of L and f(k) = m.
For the last statement notice that the Snake Lemma implies
(17) ker(Ni //N) = gi(ker(Mi //M)) = gi(PiMi) = PiNi,
and the surjectivity of Mi //M implies Ni //N are surjective as well. 
The meaning of this lemma is that some quotients of separated modules are still separated.
This allows us sometimes to reduce a given separated presentation of a module M . Hereafter fix
a pullback presentation f : K // S of a module M .
Lemma 5.5. Let L = (L1
u1−→ L
u2←− L2) be a submodule of K such that each ui is surjective and
f¯ |L¯ is injective. Then K/L
//S/f(L) is a pullback presentation of M . Furthermore, if K and S
are separated, so are K/L and S/f(L).
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Proof. The cokernel, as a colimit, is a right exact functor, so that the bottom row in the diagram
below is exact:
(18)
// // 0//
0////
f //
id // // 0//0

L
f |L

L

K
K/L

S
S/f(L)

M
M
id

Lemma 5.4 guarantees that both K/L and S/f(L) are pullback modules. If both K and S are
separated, so are their quotients. 
Example 5.6. Choose a separated presentation f : K // S of M and let L be the submodule of
K given by a diagram ker q1 −→ 0 ←− ker q2. Then the quotient presentation is again separated,
and K ′ = (K
id1−→ K
id2←− K).
Example 5.7. Suppose we have a separated presentation f : K // S of M such that ker f¯ is
a direct summand of K with a complement L. Then L = (q−1
1
(L) −→ L ←− q−1
2
(L)) satisfies
the assumptions of Lemma 5.5 and the quotient presentation K ′ // S′ is separated, with f¯ ′ = 0.
We will now demonstrate how to obtain an R-diagram for M from any separated presentation.
Starting with a given presentation, we can already apply the reductions from the two examples
above, so that K1 = K¯ = K2 and f¯ = 0. It remains to make f1 and f2 injective, for which we shall
apply another type of reduction.
Lemma 5.8. Let f : L // M be a morphism of pullback modules, such that f2 = 0, f¯ = 0
and the homomorphism L2 // L is surjective. Then M
′ := M/f(L) is a pullback module with
a diagram (M1/f1(L1) −→M ←−M2). Moreover, if M is separated, so is M
′.
Proof. Consider a commutative diagram
(19)
0 // id // 0//
0//
id //0 //
f1 // g1 // 0//M1/f1(L1)

M1

L1
c1

L
L2
OO
c2
M
M2
OO M
M2
OO
with the top row exact. We want to show that it induces an exact sequence
(20) L
f //M
g //N // 0,
where N is the pullback of the last column. First, the map g is surjective by Proposition 4.3
(since ker g2 = ker g¯ = 0), and clearly g ◦ f = 0. To show that ker g = imf pick an element
(m1 → m ← m2) from ker g and choose l1 ∈ L1, for which f1(l1) = m1. Let l¯ be its image in L,
and choose any l2 ∈ L2 which projects to l¯. Then l = (l1 → l¯ ← l2) is an element of L such that
f(l) = m. 
Corollary 5.9. Let L = (L1
u1−→ L
u2←− L2) be a pullback submodule of K such that each u2
is surjective and f2(L2) = f¯(L) = 0. Then K/L // S/f(L) is a pullback presentation of M .
Furthermore, if K and S are separated, so are K/L and S/f(L).
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Example 5.10. Given a separated presentation f : K // S of M with f¯ = 0, we can modify it
into f ′ : K ′ // S′ with both fi being injective. Namely, take as L the pullback submodule of K
with a diagram
(21) q−1
1
(q2(L2)) −→ q2(L2)←− L2,
where L2 = ker f2. Since it satisfies the assumptions of Corollary 5.9, we can form a quotient
presentation f ′′ : K ′′ // S′′, with an injective f ′′
2
. We repeat this for f1, obtaining f
′ : K ′ // S′.
Notice that injectivity of f ′′
2
guarantees injectivity of f ′
2
.
We will now combine all the reductions together to obtain an R-diagram from a given separated
presentation of a module M , proving Proposition 5.3.
Proof of Proposition 5.3. Choose a separated presentation f : K // S of an R-module M — it
exists due to Proposition 5.2 — and set Ti := ker fi and T i := qi(Ti). Since the ring R is semisimple,
there is a submodule U ⊂ K such that K = ker f¯ ⊕ U . Consider the submodule L of K given by
a diagram
(22) q−1
1
(U + T 2) + T1 −→ U + T 1 + T 2 ←− q
−1
2
(U + T 1) + T2
Then K/L // S/f(L) is an R-diagram for M . Indeed, the same quotient can be obtained by
applying the three reductions from Examples 5.6, 5.7, and 5.10. 
6. R-diagrams for homology over p-pullback rings
We will now apply the results of the previous section to compute R-diagrams for homology
modules of a chain complex (C, ∂) of free modules over a p-pullback ring R, defined by a pullback
diagram
(23) Z −→ Zp ←− Z,
where p is a prime number. Clearly, P1 ⊂ R is generated by (p, 0) and P2 by (0, p). Because Zp is
a field, the Proposition 5.3 holds, and it makes sense to ask for R-diagrams for homology modules.
First, free modules have natural separated diagrams. Hence, we can assume the differential ∂ is
given by commutative diagrams like the one below
(24)
Z
n
Z
n
p
//
∂1

Z
m
Z
m
p
//
∂¯

Z
noo
Z
moo
∂2

where the horizontal arrows are direct powers of the projections Ri // R. The naive pullback
presentation of ker ∂ is given by
(25) ker ∂1
q1
−→ ker ∂¯
q2
←− ker ∂2.
It is not separated in general, as q1 and q2 are rarely surjective, and usually ker qi 6= p ker ∂i. We
start with a technical lemma to fix this.
Lemma 6.1. Choose two homomorphisms f, g : F // F ′ between free abelian groups, and let
K := ker f ∩ ker g. Then there exists a subgroup U ⊂ ker f such that ker f = K ⊕ U .
Proof. The group K is free as a subgroup of F , and there is an isomorphism
(26) ker f
/
K
∼= im (g|ker f ) ,
showing that the quotient is a free group (since the image is a subgroup of the free group F ′).
Hence, it is isomorphic to a subgroup U in ker f , complementary to K. 
Applying this lemma to ∂1 and ∂2 we can construct five sets of generators:
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(1)
{
v12r
}
is a basis of ker ∂1 ∩ ker ∂2,
(2)
{
v1r
}
is a basis of a complement of ker ∂1 ∩ ker ∂2 in ker ∂1,
(3)
{
v2r
}
is a basis of a complement of ker ∂1 ∩ ker ∂2 in ker ∂2,
(4) {v¯r} is a basis of a complement of q1(ker ∂1) + q2(ker ∂2) in ker ∂¯, and
(5) {v¯cr} is a basis of a complement of ker ∂¯ in Z
m
p .
The last two exist, since we look for complements of vector subspaces.
Proposition 6.2. Given bases {v1r}, {v
2
r}, and {v
12
r } as above define
• Q1 = Z〈v
12
r , pv
1
r′〉 ⊕ Zp〈pv
2
r′′〉,
• Q2 = Z〈v
12
r , pv
2
r′〉 ⊕ Zp〈pv
1
r′′〉,
• Q = Zp〈v
12
r , pv
1
r′ , pv
2
r′′〉.
Then Q1 −→ Q ←− Q2 is a canonical separated presentation of ker ∂, where each map sends
a generator of Qi to the corresponding generator of Q.
Proof. Obviously, each map Qi //Q is surjective and ker(Qi //Q) = pQi. It remains to show
Q = ker ∂. First, Q1 −→ Q←− Q2 is a direct sum of the following diagrams
Z〈v12r 〉 −→ Zp〈v
12
r 〉 ←− Z〈v
12
r 〉
Z〈pv1r〉 −→ Zp〈pv
1
r 〉 ←− Zp〈pv
1
r 〉
Zp〈pv
2
r 〉 −→ Zp〈pv
2
r 〉 ←− Z〈pv
2
r〉
resulting in a submodule of Rm generated by elements (v12r → v
12
r ← v
12
r ), (pv
1
r → 0 ← 0) and
(0→ 0← pv2r ). These are precisely the generators of ker ∂, which ends the proof. 
To compute a separated presentation of Hn, it remains to rewrite the components of the differ-
ential ∂ : Cn−1 //Q ⊂ Cn using the presentation of Q given above. Since ∂i must take values in
the free part of Qi, this is a simple problem from linear algebra.
2
The above results in a separated presentation of Hn with a diagram
(27)
Q1 Q//
∂1

Z
ℓ
Z
ℓ
p
//
∂¯

Q2oo
Z
ℓoo
∂2

The next step is two apply the three reductions from Section 5. First, we compute the five sets of
generators as before, denoting them by {w¯r}, {w¯
c
r}, etc. According to the proof of Proposition 5.3,
the module K is a vector space over Zp with the basis {w¯r}, while the separated module S has
components
S = Zp〈v
12
r , pv
1
r′ , pv
2
r′′〉
/
im ∂¯
S1 = Zp〈pv
2
r′′〉 ⊕
Z〈v12r , pv
1
r′〉
/
∂1(〈w
c
s, w
2
r 〉) + p im ∂1
S2 = Zp〈pv
1
r′′〉 ⊕
Z〈v12r , pv
2
r′〉
/
∂2(〈w
c
s, w
1
r 〉) + p im ∂2
⊕ Zp〈pv
1
r′′〉
where wcs is the element w¯
c
s regarded with integral coefficients. Indeed, the subspace U ⊂ Z
ℓ from
the proof of Proposition 5.3 is generated by vectors w¯cs, whereas Ti ⊂ Z
ℓ is generated by v12r and
2 For instance, to find a projection dom ∂i // Qi one can extend the basis {v12r , v
i
r′
} of ker∂i into a basis of
dom ∂i and inverse the matrix having these vectors as columns.
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vir′ . Therefore,
∂¯(U + T 1 + T 2) = ∂¯U = im ∂¯,(28)
∂1(q
−1
1
(U + T 2) + T1) = ∂1(〈w
c
s, w
2
r〉) + p im ∂1,(29)
∂2(q
−1
2
(U + T 1) + T2) = ∂2(〈w
c
s, w
1
r〉) + p im ∂2.(30)
Since 0 = ∂2(w
2
r ) ≡ ∂1(w
2
r ) (mod p), the latter is divisible by p, and similarly for ∂2(w
1
r). Finally,
the homomorphisms K // Si are induced by ∂i: an element w¯r is sent to ∂i(wr), where wr is
the element w¯r regarded with integral coefficients.
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